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abstract 

First we consider the deformations of superspaces with M = (1,1) and M = (2,2) supersym- 
^ ■ metries in two dimensions. Among these the construction of noncommutative supertorus 
with odd spin structure is possible only in the case of = (2,2) supersymmetry broken 



O 



^ \ down to M = (1, 1). However, for the even spin structures the construction of noncommu- 



tative supertorus is possible for both M = (1, 1) and Af = (2, 2) cases. The spin structures 

O I are realized by implementing the translational properties along the cycles of commutative 

O ' supertorus in the operator version: Odd spin structure is realized by the translation in the 

fermionic direction in the same manner as in the construction of noncommutative torus, and 

^ ■ even spin structures are realized with appropriate versions of the spin angular momentum 
;h ■ 

C3 I operator. 
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1 Introduction 



Ever since the work of Connes, Douglas, and Schwarz [Tj on the toroidal compactification 
of M(atrix) theory using the concept of noncommutative geometry [2\, the noncommutative 
torus and noncommutative geometry in general has become a household subject in string 
theory Pll]. 

Noncommutative geometry naturally appears in string theory: Low-energy effective the- 
ory of D-branes in a background NSNS 5-field becomes the noncommutative field theory 
where the spacetime coordinates are noncommutative, [x'^, x*^] 7^ [H, El E]. If we turn on 
the background RR field, the low-energy effective theory of D-branes becomes the field the- 
ory on non(anti)commutative superspace of which the fermionic coordinate 6°' has nontrivial 
commutation relation {6*", 9^} 7^ [Zl El [9l [10, [H] • Gauge theories on non ( ant i) commutative 
superspace are studied extensively [121 lEl El US] . 

Toroidal compactification in string theory with the above mentioned background fields 
then naturally leads to noncommutative supertorus. Although the noncommutative torus 
is a very well known subject, its supersymmetric version, the noncommutative supertorus, 
still remains virtually unknown. Commutative supertorus was constructed by Rabin and 
Freund [16] based on the work of Crane and Rabin |T7] on super Riemann surfaces. The 
supertorus was obtained as the quotient of superplane by a subgroup of Osp(l|2) which 
acts properly discontinuously on the plane together with the metrizable condition. These 
two conditions boil down to proper latticing of the superplane, and can be expressed as 
appropriate translation properties along the cycles of the torus. 

In this paper, adapting the guideline of defining noncommutative torus we construct 
noncommutative supertorus. Noting that the construction of bosonic noncommutative torus 
is guided by the classical translation properties of the commutative torus along its cycles, 
we construct the noncommutative supertorus with the following two guidelines: Express 
the translations along the cycles of the supertorus in the operator language, and imple- 
ment the spin structures of supertorus for even and odd translations with the spin angular 
momentum operator in appropriate representations. Noncommutative torus is defined by 
embedding the lattice [iHl [IHlEni El] into the Heisenberg group [22l ESI El]. The lattice 
embedding determines how the generators of noncommutative torus, which correspond to 
the translation operators along the cycles of the commutative torus, would act on the module 
of the noncommutative torus. The Heisenberg group can be regarded as a central extension 
of commutative space, which is equivalent to a deformation of space by constant noncom- 
mutativity. Recently, we constructed the super Heisenberg group [25j as a central extension 
of ordinary superspace, which is equivalent to the deformation of superspace by constant 
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noncommutativity and nonanticommutativity. Based on our construction of super Heisen- 
berg group, we define tlie embedding maps for noncommutative supertori in two dimensions. 
Incorporating the spin structures is an additional task implementing the translational prop- 
erties along the cycles of commutative supertorus in the operator language. For the odd 
spin structure case it is realized by the translation in the fermionic direction as in the con- 
struction of noncommutative torus. For the even spin structure cases, they are realized with 
appropriate representations of the spin angular momentum operator. 

This paper is organized as follows. In section 2, we briefly recall the definition of non- 
commutative torus and the projective module on which it acts. Construction of the non- 
commutative tori via embedding the lattice into Heisenberg group is also explained in the 
Heisenberg representation. In section 3, we briefly review the commutative supertori. In sec- 
tion 4, we first recall the deformation of superspace in relation with super Heisenberg group. 
Then, we explicitly perform the construction of noncommutative supertorus via embedding 
map in the cases of Af = (1,1) and Af = (2, 2). We conclude in section 5. 

2 Noncommutative tori 

Noncommutative torus (Tg) is an algebra defined by generators Ui,--- ,Ud obeying the 
following relations: 

C/,t/, = e2"^^- t,j = lr--,d, (1) 

where {6ij) is a real d x d anti-symmetric matrix. Tg defines the involutive algebra 

At = {Y^^n-.M' ■■■UT\a = (a,,...,J G 5(Z'^)}, (2) 

where 5(Z'^) is the Schwartz space of sequences with rapid decay. 

Every projective module over a smooth algebra can be represented by a direct sum of 
modules of the form S {MP xZ'^xF) [TH] , the linear space of Schwartz functions on MPxZ'^x F, 
where 2p + q = d and F is a finite abelian group. Let D be a lattice in ^ = M x M, where 
M = W X Z'^ X F and M is its dual. The embedding map $ under which D is the image 
of 7j'^ determines a projective module E on which the algebra of the noncommutative torus 
acts. 

In the Heisenberg representation the operators U^s are defined by 

U^m,s)f{r) = e2-<'^'^>/(r + m), m,r e M, s e M, f e E, (3) 
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where < r, s > is a usual inner product between M and M. Here, the vector (m, s) can be 
mapped into an element of the Heisenberg group which we explain next. 

The Heisenberg group, i/ezs(]R^", is defined as follows. For t, t' G f/(l), and (x, y), (x', y') G 
R^", we define the product for {t,x,y), {t',x',y') G Heis{R'^"' 

(t, X, y) ■ (t', x', y') = {t + t' + ipix, y; x', a; + x', + (4) 

where ■?/' : R^"" x R^" — > R, satisfies the cocycle condition 

?/'(x, x', + x',y + y'; x", y") = ip{x, y; x' + x", y' + y")il){x\ y\ x" , y"), (5) 

which is a necessary and sufficient condition for the multiplication to be associative. There 
is an exact sequence 

^R^i/ezs(R2",?/^)^R2" (6) 

called a central extension, with the inclusion i(t) = (t,0,0) and the projection j(t,x,y) = 
{x,y), where i(R) is the center in Heis{M.'^"',ip). The previously appeared vector (m, s) in 
([2]) corresponds to a vector (x, y) G R^" in the above description of the Heisenberg group. 

Now, we consider an explicit form of the embedding in a typical case where M in (E]) is 
given by M = R^. In this case, one can define the embedding map in the canonical form as 

" ( /) "f^i^eie e = diag(6'i, ■■■ ,0p), i, j = 1, ■ ■ ■ ,2p, (7) 

then the Heisenberg representation is given as follows. 

p 

{Ujf)isi, ■■■ ,Sp) := {UgJ){s} = exp{2Tci ^ SkXk+p,j)fis + Xj), for j = 1, ■ ■ ■ , 2p, (8) 

k=l 

where ej = (xij, . . . , X2pj)- The above can be redisplayed as 

{U,f){s) = f{s + e), {U,+,f){s) = e'-''^f{s), j,fc = l,---,p, (9) 

with s= (si, ■ ■ ■ , Sp), Xj = (xij, ■ ■ ■ , Xpj) and s, Xj G R^. Here, [//s satisfy 

UjUj+p = e^^'^^^Uj+pUj, otherwise UjUk = UkUj. (10) 

In the general embedding case, we will use the Manin's representation [20] in which (IHl) 
becomes 

p ^ p 

iUgJ){s} := exp{2Tci^SkXk+pj + -^XkjXk+p,j)fis + Xj), for j = l,---,2j9. (11) 

k=l k=l 

This representation corresponds to the second representation of the Heisenberg group in 
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3 Commutative supertori 



A two-dimensional commutative torus is given by = C/(Z + rZ), where r is a complex 
structure. In a similar way, as the result of the supersymmetric version of the uniformization 
theorem [T7], a supertorus is given by a quotient of the two-dimensional superspace by a 
subgroup of Osp(A/'|2) which is the anomaly- free part of the superconformal group [T7| ITU]. 
The action of this subgroup gives the cycles of the supertorus. When we consider M = 
(1, 1) superspace spanned by supercoordinates {z, z, 9, 6) as an ambient space, the action of 
Osp(l|2) in the holomorphic sector is given by 

, az + h ^ '^z + 5 , , 

z ^ z = + 6- — r, ad — be = 1, 

cz + a [cz + (i)^ 

0^e'=^-^ + ^(l+'-6^. (12) 
cz + d cz + d\ 2 'J ^ ^ 

The condition for the subgroup is i) the supertorus is metrizable, i.e. the metric of the 
supertorus is invariant under this subgroup, ii) this subgroup acts properly discontinuously, 
which means that z and z' have disjointed neighborhoods. From these conditions, we have 
c = 7 = and (fT2|) is reduced to 

z ^ z' = o?z + a6 + a^^5, 

Q ^Q' = a{Q^S), (13) 

where a = ±1. The sign of a in each cycle determines the spin structure. The action of the 
subgroup f|T3|) is more simplified by the similarity transformation via an element of Osp(l|2). 
Then it is classified to the four cases according to the spin structure of the supertorus as 
follows: 



(+, +) structure 



— ) structure 



(z, 0) ^ (z + 1, 5), {z,B)-^{z^r^Qb,Q^S). (14) 



(^ + 1, ^), {zj)^{z^r,-e). (15) 



^— , +) structure 



(z, B)^{z^ 1, -B), {z, ^) ^ (z + r, B). (16) 
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• (— , — ) structure 

{z, e)^{z + 1, -e), (z, e)^{z + r, -e). (i7) 

Here r and 5 are the moduli parameters of the supertorus. The action of the subgroup (fT^ - 
(1171) for the anti-holomorphic sector {z, 9) is obtained by complex conjugation. The (+, +) 
structure is also called the odd spin structure and the other three structures are called the 
even spin structures. 

M = (2, 2) supertorus can be also constructed in a similar manner. Let {z, z, 6^, 6^) be 
super coordinates of Af = (2, 2) superspace. Then the cycles in Af = (2, 2) supertorus with 
the odd spin structure are given by 

[z, e+, e+)^{z + T + 6+6+ + 6+6+ , 6+ + 6+, 6+ + 6+). (18) 
In the case of the (+, — ) structure, the cycles in the supertorus are given by 

{z, 6+, 6+) ^ (^ + 1, 6+, d+), {z, e+, 6+) ^ (z + r, -6+, -6+). (19) 
The cycles in the other even spin structures are also obtained similarly. 



4 Noncommutative supertori 

Noncommutative supertorus is defined by embedding the lattice to the super Heisenberg 
group. The super Heisenberg group is given by the central extension of ordinary superspace, 
which is equivalent to the deformation of superspace by constant noncommutativity and 
nonanticommutativity. 

4.1 Deformation of superspace 

First we consider the deformation of M = (1, 1) superspace spanned by supercoordinates 
{X^,X'^,9,9). Supercharges and supercovariant derivatives are defined by 

d d -d-d 
d d -d-d 
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where Z, Z are the complex coordinates given by 



_d__l f _d_ _ ._d_ 
dZ ~2 \dJO~^dX^ 



Z = X^ 

A - 1 
dZ~~ 



tX' 



d . d 
2 \dJO^^dX^ 



(22) 
(23) 



Now we try to introduce the deformation for fermionic coordinates keeping the reahty condi- 
tion and preserving full or partial supersymmetry. However it turns out that it is impossible 
to perform the above deformation preserving the Heisenberg group structure. For instance, 
consider the Moyal product of the form, 



exp 



2 ^X^' dX'^ 2 I ^ ^ ^ ^ ^ 



(24) 



Then supersymmetry is completely broken, since under ( l24ll the Leibniz rule 

QU *' g) = (Qf) *' 9 + (-1)'^'/ *' (Qg), Qif *' g) = (Qf) *' g + (-i)'^'/ *' (Qg) (25) 

is not satisfied, where |/| is zero for Grassmann even / and unity for Grassmann odd /. The 
next candidate of the Moyal product is 



exp 



-O 



d d 



(26) 



In this case supersymmetry is preserved since 
the operator formalism becomes 



holds but the corresponding algebra in 



[X\X' 



{9,9} = c\ 



(27) 



which is not a super Heisenberg algebra since the commutator and anticommutator do not 
belong to the center. In order to obtain a super Heisenberg algebra, the parameter C should 
vanish. Thus we consider the case of C" = and use the following Moyal product 



The corresponding algebra becomes 

[X\X'^] = ie, others = 0, 



(2^ 



(29) 
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which can be represented as the action on the module f{s, 6, 6) as follows. 

X'fis, e, 9) = t^Jis, e, 9), X'fis, 9, 9) = sfis, 9, 9), 
where we set 6* = 1 by change of normalization of the operators. 



(30) 



Next we consider Af = (2,2) superspace spanned by supercoordinates (X^, X^, 6'^, 6'^) 
Supercharges and supercovariant derivatives on A/" = (2, 2) superspace are defined by 



_d_ 

_d_ 

89^ 



9-^ 

9^ ^ 



d9+ dZ' 
89+ dZ' 



(31) 
(32) 



and {Q^,Q^,D_,D_) which are obtained by the complex conjugation Z ^ Z, 9+ ^ 9^, 
9+^9^. The deformation of A/" = (2,2) superspace which has the structure of the super 
Heisenberg algebra is given by the following two types of deformations 0: 



*Q = exp 



*D = exp 



2 ^X^' dX'' 



D_D. 



(33) 
(34) 



The deformations (IHHj) and (IH^ are called Q-deformation [TU] and D-deformation [7] , respec- 
tively. The nontrivial commutation relation in the operator formalism with Q-deformation 
becomes 



[X\X']=zO--Cq9+9', [X\9+] 
[X',9^] = '-Cq9-, [X',9-] 
In the case of D-deformation, it becomes 

[X\X^] =%e- UCd9^9-, [X\ 9+] 



2 



[X\9 



[X\9- 



\cq9~, 
--.Co9' 



-\C.9- 
-Cd9+, 



2 ^ 



[X\9-] 
{9^,9-} = Cq. (35) 



[X\9-]- 
{9+,9-} = Cn 



-Cd9^, 



(36) 



^There is another deformation which corresponds to the case of Cq, Cd = 0. However this deformation 
gives the similar result with TV = (1, 1) supertorus. Thus we consider the case of Cg, Co 7^ 0. 
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The algebras (!35l) and (!36l) can be represented on the module f{s,ri,9^,9 ) as 

^+/(s,r7,r,r) = |-/(s,r/,r,r), 

9-f{s,r],e+,9-)=r]f{s,r],9^,9-), 



(37) 



where the double signs correspond to Q- and D-deformation respectively and we set = 
Cq = Cd = 1. Note that in the both cases 9^ and 9~ belong to the center and the resulting 
algebra are the super Heisenberg algebra. Supersymmetry is broken to A/" = (1, 1) in Q- 
deformation [lOj, but it is unbroken in D-deformation [7]. 



4.2 Noncommutative supertori 

First, we consider the construction of noncommutative (NC) supertorus for AT = (1,1) su- 
persymmetry. In order to construct the NC supertorus, we have to get the operators which 
generate the translation along the cycles of the NC supertorus. However, we do not know how 
to construct the equations corresponding to ffT^ - ffT7|) in NC supertorus since we do not have 
geometrical notion in noncommutative (super)space such as the metric and the disjointed 
neighborhoods. Thus we construct the generators by simply mimicking the commutative 
case. In the odd spin structure. The generators of the NC supertorus satisfy 

UX^U-^ = + 1, UX^U'^ = 

U9U-^ = 9, U9U-^ = 9, 



VXW~^ = X^ + Re{T + 95), 
V9V-^ = 9 + 5, 



VXV-^ = + Im(r + ^5), 
V9V-^ = 9 + 5. 



(38) 



which corresponds to ffT^ . Here the supercoordinates {X^, X"^, 9, 9) satisfy the commutation 
relation (l29i) . Then the explicit form of the generators U, V is given by 



U = exp(is), 
V = exp 



d 



exp 



i{ReT)s + {Imr)— + 5Q + 5Q 

OS 

iRe(r + 95)s + Im(r + 95)^ + 5^ + 5^ 

OS o9 89 



(39) 
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where Q, Q are the representation of the supercharges Q, Q on the module and are defined 
by 

(40) 



39 2 



d\ = d i ^ f d 



Here an important comment is in order. Although the generators f/, V correctly give the 
translational property along the cycles, ( l38l) . the generator V does not belong to a rep- 
resentation of the super Heisenberg group which is the prerequisite for noncommutative 
supertorus. In the super Heisenberg group representation of noncommutative superspace, 
the coordinates play the role of the generators and their (anti) commutators should be con- 
stant. However, here Q, Q plays the role of 6', 6', and their anticommutator is not constant, 
which can be seen in (HOl) . 

This can be also seen from the embedding map picture. From (l39il . the embedding map 
can be written as 

U V 
( 1 Re(r + 65) \ 





d_ 

ds 
A. 

de 
a 








-2- \ 



Im(r + 96) 
6 
6 



(41) 



In the embedding map for V, we see that the coordinate variable 9 appears. This makes the 
action of the operator V a lot different from the allowed one given by ffTTl) . This is in turn 
reflected in the commutation relation between U and V, 



UV = exp[-z Im(r + 96)]VU. 



(42) 



We now see that it does not satisfy the defining relation for noncommutative torus since 9ij 
in ([1]) fails to be a constant due to the the presence of the coordinate variable 9 in (H2|) . 



For the even spin structures, fll5l) - (ll7p contain the sign change 9 — * —9, 9 —9. Hence 
in order to construct the generators, we need the generator of sign change for 9 and 9, which 
is given by the spin angular momentum operator 



(43) 



Then the generators of the NC supertorus with even spin structures are 
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• (+, — ) structure 



U = exp{is), 

V = exp{2niJ) exp 



d 

z(Rer)s + (Imr) — 

OS 



(44) 



+) structure 



U = exp(27riJ) exp(is), 



V = exp 



d 

i(Rer)s + (Imr) — 

OS 



(45) 



structure 



U = exp(27riJ) exp(is), 



V = exp(27ri J) exp 



d 

2(Rer)s + (Imr) — 
as 



(46) 



In these three structures, the commutation relation between U and V is given by 

UV = exp(-zlmr)m 



(47) 



Note that in the above three cases of even spin structures no obstruction appears in the 
construction of noncommutative supertorus. 



Next we consider the JV = (2, 2) case. For Af = (2, 2) supersymmetry, we proceed in the 
same manner as in the J\f = (1,1) case. For the odd spin structure, the generators U, V 
satisfy 



VX^V-^ = X^ + e^. 



(4^ 



where the supercoordinates satisfy the algebra flHTj) and the lattice vectors and Cy are 
given by 



1,0), 



= *(Re(r + 9^5^ + ^+5+), Im(r + 6+5+ + ^+5+)). 



(49) 
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Then the exphcit form of U, V in the Q-deformation (133!) is given by 



U = exp(zs) 
V = exp 



d 



exp 



t{ReT)s + (Imr)— + + r Q. 

OS 

i(Rer)s + (Imr)— + 6^r] + — 
OS Or] 



(50) 



where the operators Q± are the representation of the supercharges Q± on the module, and 
can be simply represented by 

Q+ = V , Q- = (51) 



In the above we set 6^ = 0, since the representation of on the module is given by 

d . f d 



09+ '"^[^ ds)' 86- ^dr] 



d d f d 
- I s - — 

OS 



(52) 



which contains the second order derivativqj, and thus it cannot be included in V . The 
commutation relation between U and V is given by 



UV = exp (-2 lmT)VU, 



(53) 



and shows no obstruction for noncommutative supertorus. On the other hand, in the D- 
deformation, U and V are obtained as 



U = exp (is 
V = exp 



d 



z(Rer)s + (Imr) — + + r Q'_ + 5^Q' + r Q', 

OS 



exp 



zRe(r + 2^+(5+)s + Im(r + 29+6^ 



d_ 

ds 



d — — 



dr] 89' 



39- 



(54) 



where the operators are the representation of the supercharges Q±, Q± on the 

module and are given by 



Q'=7]- i9+ s 



d_ 

ds 



Q'_ = 3 - a- (s + A 

Or] \ OS 



d 



_d_ 

W- 



(55) 



^This corresponds to that the supersymmetry generated by Q+ is broken by the Q-deformation. 
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Then the commutation relation between U and V is given by 

UV = exp[-i Im(r + 2^+5+)]1/f/. 



(56) 



Again in this case, we see the obstruction that appeared in the A/" = (1, 1) case. The 
V in fl3^ does not belong to the super Heisenberg group, thus cannot be a generator for 
noncommutative supertorus. 

The embedding maps for both Q- and D-deformations can be written from (l50l) and ([5] 

as 



Q 





U 


V 


s 


(I 


Rer\ 


V 





5+ 


9+ 








0- 








d 
ds 





Imr 


d_ 

dr) 





5- 


d 

ae+ 








a 

ae- 


Vo 


/ 



D 





U 




V 


s 


(I 


Re(r 


+ 29+5+) \ 


V 







5+ 


9+ 










9- 










a 
as 





Im(r 


+ 29+5+) 


a_ 

arj 







5- 


a 

ae+ 







~5+ 


a 

ae- 


vo 




1 



(57) 



and the embedding map for the D-deformation case shows the same problem in the M = 
(1, 1) case. Therefore, the construction of noncommutative supertorus with odd spin struc- 
ture in two dimensions is allowed only in the Q-deformation with A/" = (2, 2) supersymmetry. 



In the even spin structure cases, there is no obstruction for noncommutative supertorus 
as in the A/" = (1,1) case. To see this, we need the spin operators Jg and Jq of 9+ and 9+, 
respectively, as in the J\f = (1, 1) case. The explicit form of Jq and Jg are given by 

. d ^_ d 



J, 



\9-9^ 



Id 1 



9- 



Then the generators U and V in 
obtained as 



89+ 89- 
structure for both Q- and D-deformations are 



U = exp(is), 

V = exp[27ri(J6i + Jg)] exp 



8 

z(Rer)s + (Imr) — 
8s 



(59) 



The generators in the other spin structures can be obtained similarly. The commutation 
relation between U and V takes the same form with (1471) . Note that the spin structures of 
9+ and 9+ should be the same in order to preserve the algebra fl35p and 
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5 Conclusion 



In this paper, we construct noncommutative supertori in two dimensions with H — (1,1) 
and M — (2, 2) supersymmetries. In the M — (1,1) case, only the deformation of the 
bosonic part is allowed to maintain the supersymmetry and the super Heisenberg group 
structure. In this case, the super Heisenberg group structure, which is essential to be a 
noncommutative supertorus, is only maintained for the even spin structures. In the H — 
(2, 2) case, both bosonic and fermionic parts are deformed with two types of deformations, 
Q- and D-deformation. For the odd spin structure, the generators belong to the super 
Heisenberg group only in the Q-deformation case, in which the supersymmetry is broken 
down to jV = (1, 1). On the other hand, the super Heisenberg group structure is maintained 
in both Q- and D-deformations for the even spin structures. The result shows that for 
the odd spin structure noncommutative supertorus in two dimensions is allowed only in the 
Q-deformation with M = (2, 2) supersymmetry, while there is no obstruction for the even 
spin structures. One might understand this result from the underlying property of spin 
structures: Odd spin structure is related with a translation in the fermionic direction, thus 
the allowed deformation which is consistent with the super Heisenberg group structure is 
restricted. Even spin structures are related with translations in the bosonic cycles only, thus 
they do not interfere with the super Heisenberg group structure. 

Next, we comment other aspects of our work. The commutative supertorus was con- 
structed by taking the quotient of the superplane with a proper lattice, and has certain 
translation properties along its cycles. Noncommutative torus was constructed such that it 
maintains the properties under the translations along the cycles of commutative torus. We 
thus construct the generators of the noncommutative supertorus such that the properties 
under translations along the cycles of the commutative supertorus are maintained. 

Noncommutative torus was defined by embedding the lattice into the Heisenberg group, 
which is equivalent to a central extension of commutative space and represents a deformation 
of commutative space. The lattice embedding determines how the generators of noncommu- 
tative torus act on the module, representing the translations along the cycles. With this in 
mind, we also identify the embedding maps for noncommutative supertori in two dimensions 
analyzing the generators of them. 

In the super case, we have to additionally implement the spin structures due to the pres- 
ence of fermionic coordinates. Odd spin structure is realized by implementing the translation 
in the fermionic direction as in the construction of the noncommutative torus. Even spin 
structures are realized with appropriate versions of the spin angular momentum operator to 
express the sign changes of the fermionic coordinates under the translations along the cycles. 
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